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1. INTRODUCTION :

I'- semigroup was introduced by Sen and Saha [11] as a generalization of semigroup.
Anjaneyulu. A [1], [2] and [3] initiated the study of pseudo symmetric ideals, radicals and
semipseudo symmetric ideals in semigroups. Giri and wazalwar [7] intiated the study of
prime radicals in semigroups. Madhusudhana Rao, Anjaneyulu and Gangadhara Rao [8], [9]
initiated the study of pseudo symmetric I'-ideals and prime radicals in I'-semigroups. In this
paper we introduce the notions of semipseudo symmetric I'-ideals in I'-semigroup and
characterize the semipseudo symmetric I'-ideals in I"-semigroups.

2. PRELIMINARIES :

DEFINITION 2.1: Let S and I be any two non-empty sets. S is called a I'-semigroup if
there exist a mapping from SxT" xS to S which maps (a, oo, b) —aa b satisfying the
condition : (ayb)uc = ay(buc) for alla,b,c e Mand y, u €T.

NOTE 2.2: Let S be a I'-semigroup. If A and B are subsets of S, we shall denote the set
{ aob : aeA , beB and o€l } by AI'B.

DEFINITION 2.3: A I'-Semigroup S is said to be commutative provided ayb = bya for all
abeSandyer.

NOTE 2.4: If S is a commutative I'-semigroup then a I'b = b T'a for all a, be S.

DEFINITION 2.5: Let S be a I'-semigroup. A nonempty subset T of S is said to be a
I'- subsemigroup of Sifayb € T, foralla,be Tand y € T.
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DEFINITION 2.6: An element a of a I"-semigroup S is said to be a left identity of S
provided aas =sforallseSand a € I'.

DEFINITION 2.7: An element a of a I'-semigroup S is said to be a right identity of S
provided soa = s forallse Sand a € I'.

DEFINITION 2.8: An element a of a I"-semigroup S is said to be a two sided identity or an
identity provided it is both a left identity and a right identity of S.

NOTATION 2.9: Let S be a I-semigroup. If S has an identity, let S' = S and if S does not
have an identity, let S' be the I-semigroup S with an identity adjoined, usually denoted by
the symbol 1.

DEFINITION 2.10: A nonempty subset A of a I"-semigroup S is said to be a left I'- ideal
provided ST’A € A.

DEFINITION 2.11: A nonempty subset A of a I'-semigroup S is said to be a right I'- ideal
provided AT'S € A.

DEFINITION 2.12: A nonempty subset A of a I"-semigroup S is said to be a two sided
I- ideal or simply a I - ideal provided it is both a left and a right I'— ideal of S.

DEFINITION 2.13: A T-ideal A of a I'-semigroup S is said to be pseudo symmetric
provided X,y € S, xI'y € A implies xI'sT'y € A, for all s € S.

NOTE 2.14: A T'-ideal A of a I'-semigroup S is pseudo symmetric iff x, y € S, xI'yc A
implies xI' S'Ty € A.

DEFINITION 2.15: A I'-semigroup S is said to be pseudo symmetric provided every
I'-ideal is a pseudo symmetric I'-ideal.

THEOREM 2.16[8]: Every commutative TI-semigroup is a pseudo symmetric
I'-semigroup.

DEFINITION 2.17: An element a of I'- semigroup S is said to be a /= idempotent provided
aca=aforall a€T.

NOTE 2.18: If an element a of I'- semigroup S is a I'- idempotent, then al'a =a.

DEFINITION 2.19: AT- semigroup S is said to be an idempotent /= semigroup or a band
provided every element in S is a I'- idempotent.

DEFINITION 2.20: A T- ideal A of a I'-semigroup S is said to be a principal T- ideal
provided A is a I'- ideal generated by single element a. It is denoted by J[a] = <a>.

NOTE 2.21: If S is a I'-Semigroup and a € S, then
<a>={a}ualSuSlrauSrars=SsTars.

COROLLARY 2.22 [8]: Let A is a pseudo symmetric I'-ideal in a I'-semigroup S. Then
for any natural number n, (aI"‘a € A implies (<a>T )"’ <a>CA.
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DEFINITION 2.23: A T- ideal A of a I'-semigroup S is said to be a completely prime
I- ideal provided xI'y S A ; X, y € S implies either x e Aory € A.

DEFINITION 2.24: A T- ideal A of a I'-semigroup S is said to be a prime I'- ideal provided
X,Y are two I'- ideal of S, XTY € A = either XS Aor YC A.

THEOREM 2.25 [8]: If P is aT- ideal of a I'-~semigroup S, then the following conditions
are equivalent.
1) | €P; A BBrerl-idealsof S, then either ACP or BCP.

2) If a, b € S such that al $bc P, theneitherae PorbeP.

THEOREM 2.26 [8]: Every completely prime I-ideal of a I'-semigroup S is a prime
I'-ideal of S.

DEFINITION 2.27: A T- ideal A of a I'-semigroup S is said to be a completely semiprime
I- ideal provided x € S, xI'x € A implies x € A.

DEFINITION 2.28: A T- ideal A of a I'-Semigroup S is said to be a semiprime I'- ideal
provided x € S, XI'S'Tx € A impliesx € A

THEOREM 2.29 [8]: Every completely semiprime I'-ideal of a I'-semigroup S is a
semiprime I'-ideal of S.

THEOREM 2.30 [8]: Every completely semiprime I-ideal A in a I'-Semigroup S is a
pseudo symmetric I'-ideal .

THEOREM 2.31 [8]: Every completely prime I'-ideal of a I'-semigroup S is a completely
semiprime I'-ideal of S.

THEOREM 2.32 [8]: Every completely prime I'-ideal of a I'-semigroup S is a pseudo
symmetric I'-ideal of a I'-semigroup S.

THEOREM 2.33 [8]: Every prime I-ideal of a I'-semigroup S is a semiprime I'-ideal of
S.

THEOREM 2.34 [8]: AT-ideal A of a I'-semigroup S is completely prime I'-ideal if and
only if A is a prime I-ideal and A is a pseudo symmetric I'-ideal of S.

THEOREM 2.35 [8]: Every completely prime I-ideal of a I'-semigroup S is a prime
I'-ideal of S.

THEOREM 2.36 [8]: Every completely prime I'-ideal of a I'-semigroup S is a completely
semiprime I'-ideal of S.

THEOREM 2.37[8]: Every prime I'-ideal P minimal relative to containing a completely
semiprime I-ideal A in a I'-semigroup S is completely prime.

THEOREM 2.38 [9]: The nonempty intersection of any family completely prime
I'-ideals of a I'-semigroup S is a completely semiprime I-ideal of S.
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DEFINITION 2.39: If A is a I'-ideal of a I'-semigroup S, then the intersection of all prime
I'-ideals of S containing A is called prime I'-radical or simply I'-radical of A and it is
denoted by v Aor rad A.

3HEOREM 2.40[9]: AT- ideal Q of I'~Semigroup S is a semiprime I'- ideal of S iff
Q=Q.

DEFINITION 2.41: An element a of I'-semigroup S is said to be semisimple provided
aeE<a>I'<a> ie,<a>I'<a>=<a>.

DEFINITION 2.42: A T-semigroup S is said to be a semisimple I'-semigroup provided
every element is semisimple.

DEFINITION 2.43: A T'- Semigroup S is said to be a globally idempotent 7= semigroup
provided ST'S = S.

THEOREM 2.44[9]: In a globally idempotent I'-Semigroup, every maximal I'-ideal is a
prime I'-ideal.

3. SEMIPSEUDO SYMMETRIC I'-IDEALS :

DEFINITION 3.1: A I'-ideal A in a I'-Semigroup S is said to be a semipseudo symmetric
I'-ideal provided for any natural number n, x € S, (xI)"x € A= (<x>I)" <x>c A

THEOREM 3.2: Every pseudo symmetric I'-ideal o f -gmidgroup S is a semipseudo
symmetric I'-ideal.

Proof : Suppose that A is a pseudo symmetric I'- ideal of a I'- semigroup S.
Leta€S, neN; @r)"™ac A. Since A is pseudo symmetric, by corollary 2.22,
(<a>I)"'<a>CcA. - Aisasemipseudo symmetric I—ideal of S.

NOTE 3.3: The converse of the above theorem is not true. i.e., every semipseudo symmetric
I'-ideal need not be a pseudo symmetric I'-ideal.

EXAMPLE 3.4: Let " be a nonempty set. Let S be the free I'-Semigroup over the alphabet
{a,b,c}and let A=<al'b>uU<bhl'a> Sinceal’b € Aandal'cl'’b & A, A is not a pseudo
symmetric T-ideal. Suppose (XI)"*x € A for some natural number n. Now the word x
contains either aab or baa for some e eT” and hence (< x > T)"'<x>C A. So Aisa
semipseudo symmetric I"-ideal.

THEOREM 3.5: Every semiprime TI-ideal P minimal relative to containing a
semipseudo symmetric I'-ideal A in a I'-Semigroup S is completely semiprime.

Proof : Write T = U(xI')™*x, where x € S\P and n is any natural number. First we show that
ANT=0@. IfANT#Q, then there is an element x € S\P and a natural number n such that
(xI)"'x € A. Since A is a semipseudo symmetric I'-ideal, (< x >I)"'< x> € AC P
= <X>I<x>CS P=<x>CcP. Therefore x € P. Itis a contradiction. Thus A N T = @.
Consider the set £ = {B : B is a I'-ideal in S containing A such that BN'T =0 }.

Since A € X, ¥ is non-empty. Now X is a poset under set inclusion and satisfies the
hypothesis of Zorn’s lemma. Thus by Zorn’s lemma, X contains a maximal element,
say M. Suppose that (<a>I)'<a>c M. Suppose that a & M.

Then M U <a>is aTl-ideals in S containing A.
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Since M is maximal in £, we have (M U<a>)NT#@.
So there exists an x € S\P such that (xI')"'x € < a> N T for some natural number n.
Therefore (XI*"'x € (<a>I'<a>NT c M NT. Thus MNT # @. It is a contradiction.

~.aeM. So M is a semiprime I'-ideal containing A. Now, A€ M € S\T C P.
Since P is a minimal semiprime I'-ideal relative to containing A, we have M = S\T =P and
T=S\P. Let xeS,xI'xc P. Suppose if possible x ¢ P.

xgP = xeT =xe(al)""a wherea€ S, neN.
Now xI'x < (al)"*al(al)""a = (ac)*""acT = xI'x ¢ p, Itis a contradiction. .. xeP.
Therefore P is a completely semiprime I'-ideal.

COROLLARY 3.6: Every prime I'-ideal P in a I'-semigroup S minimal relative to
containing a semipseudo symmetric I-ideal A is completely prime.

Proof: Since every prime I'-ideal is a semi prime I'-ideal, we have P is a completely semi
prime I'-ideal. By corollary 2.38, P is a completely prime I'-ideal.

COROLLARY 3.7: Every prime I-ideal P minimal relative to containing a pseudo
symmetric I'-ideal A in a I-Semigroup S is completely prime.

Proof : Since by theorem 3.2, every pseudo symmetric I'-ideal is a semi pseudo symmetric I'-
ideal, the proof follows from corollary 3.6.

THEOREM 3.8: Let A be a semipseudo symmetric I'-ideal in a I'-Semigroup S. Then the
following are equivalent.
(1) A = The intersection of all completely prime I'-ideals in S containing A.

(2) A’ = The intersection of all minimal completely prime I'-ideals in S containing A.

(3) A" = The minimal completely semiprime I'-ideal relative to containing A.
(4) A, ={x€S: (xI')"*x € A for some natural number n }.
(5) A, = The intersection of all prime I-ideals in S containing A.

(6) A= The intersection of all minimal prime I'-ideals in S containing A.

(7) A" = The minimal semiprime I-ideal relative to containing A.

8) A, ={xeS:(<x >I)" < x > € A for some natural number n }.
Proof: Since completely prime I'-ideals containing A, minimal completely prime I'-ideals
containing A and the minimal completely semiprime I'-ideals relative to containing A are
coincide. Therefore A =A'=A". Since prime I'-ideals containing A, minimal prime
I'-ideals containing A and the minimal semiprime I'-ideal relative to containing A are
coincide. Therefore A,=A,=A". Since A is a semipseudo symmetric I'-ideal, we have
A, = A, and by theorem 3.5, we have A"= A'. Therefore A =A'=A"=A,=A =A"and
A, = A,. This completes the proof of the theorem.
THEOREM 3.9: If AisaT-ideal in a I'-Semigroup S, then the following are equivalent.

(1) Ais completely semiprime.
(2) A'is semiprime and pseudo symmetric
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(3) A'is semiprime and semipseudo symmetric.

Proof: (1) = (2): Suppose that A is completely semiprime. By theorem 2.29 A is
semiprime and by theorem 2.30, A is pseudo symmetric.

(2) = (3): Suppose that A is semiprime and pseudo symmetric. By theorem 3.2, A is
semipseudo symmetric.

(3) = (1): Suppose that A is semiprime and semipseudo symmetric I'-ideal.
Let x € Sand ( xI)™x € A for any n. Since A is semipseudo symmetric,
(<x>I)"<x>c A= xI'STx € A. Since A is semiprime, x € A. Therefore A is completely
semiprime.

THEOREM 3.10: If Ais aI'-ideal in a semisimple I'-semigroup S, then the following are
equivalent.

(1) Ais completely semiprime.

(2) Ais pseudo symmetric

(3) Ais semipseudo symmetric.

Proof: (1) = (2): Suppose that A is completely semi prime. By theorem 2.30, A is pseudo
symmetric.

(2) = (3): Suppose that A is pseudo symmetric. By theorem 3.2, A is semipseudo
symmetric.

(3) = (1): Suppose that A is semipseudo symmetric.
Let x €S, (xI)"'x € A, for any n. Since A is semipseudo symmetric, (< x >I)"'< x> € A,
Since x is semismple, x € <x > T<x > € (< x>[)" < x> < A. Thus x € A. Therefore A is
completely semiprime.

THEOREM 3.11: If Ais aT-ideal in a I'-Semigroup S, then the following are equivalent.
(1) A'is completely prime.
(2) A'is prime and pseudo symmetric
(3) A'is prime and semipseudo symmetric.

Proof: (1) = (2): Suppose that A is completely prime. By theorem 2.35, A is prime and by
theorem 2.32, pseudo symmetric.

(2) = (3): Suppose that A is prime and pseudo symmetric. By theorem 3.2, A is semipseudo
symmetric.

(3) = (1): Suppose that A is prime and semipseudo symmetric. Since A is a prime
I'-ideal, by theorem 2.33, A is is semiprime. Since A is semiprime and semipseudo
symmetric, by theorem 3.9, A is completely semiprime. Since A is prime and completely
semiprime by theorem 2.35 and by theorem 2.37, A is completely prime.

THEOREM 3.12: I f M i s -i ad emd xSenmysolgp SWithM,# S, t h
(1) M is completely prime.
(2) M is completely semiprime.
(3) M is pseudo symmetric.
(4) M is semipseudo symmetric.

Proof: (1) = (2): Suppose that M is completely prime. By theorem 2.31, M is completely
semiprime.

(2) = (3): Suppose that M is completely semiprime. By theorem 2.30, M is pseudo
symmetric.

(3) =(4): Suppose that M is pseudo symmetric. By theorem 3.2, M is semipseudo
symmetric.

e
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(4) = (1): Suppose that M is a semipseudo symmetric I'-ideal, by theorem 3.8,
MESM;=M3=M;=M;. Now M € My € S and My # S, since M is a maximal I'-ideal,
M = My and hence M = Mj. Hence by theorem 2.38, M is a completely semiprime I'-ideal
and M is a pseudo symmetric I'-ideal. Now let X,y € Sand xI'y € M . Now xI'y € M = <X
>['<y > c M. Suppose if possible x ¢ M,y € M. Now M U < x> M U <y > are I'-ideals of
S.SoMU<x>=MU<y>=S§, since M is maximal. Thereforeye MU <x>,
XEMUKYy>=YyESX> XEKYy>=2<Xx>=<y> Therefore <x>I<y>C M= <X
>[<x> €M = xI'xS M= x€ M. ltisa contradiction. - either x € M ory € M and
hence M is a completely prime I"-ideal.

SEMIPSEUDO SYMMETRIC I''SEMIGROUP:

DEFINITION 4.1: A I'-Semigroup S is said to be semipseudo symmetric provided every
'-ideal is a semipseudo symmetric I'-ideal.

THEOREM 4.2: A T-Semigroup S is semipseudo symmetric if and only if every
principal I'-ideal is semipseudo symmetric.

Proof: Suppose that a I'-semigroup S is semipseudo symmetric. Then every I'-ideal of S is a
semipseudo symmetric I'-ideal and hence every principal T'-ideal of S is semipseudo
symmetric.

Conversely, suppose that every principal I'-ideal is semipseudo symmetric. Now for any
T-ideal A of S, (xI)"™'x € A implies < (xI')"'x > € A. By hypothesis since < (xI')"'x > is a
semipseudo symmetric T'-ideal, we have (< x >I)" < x> € < (xI)"*x > . Therefore

(< x>I)" < x>c < (xIN"x > € A. Therefore A is a semipseudo symmetric I-ideal. Thus S
is a semipseudo symmetric I'-semigroup.

DEFINITION 4.3: A T- semigroup S is said to be an archimedian 7= semigroup provided
for any a,b € S, there exists a natural number n such that (al')"'a € < b >.

DEFINITION 4.4: A T'-semigroup S is said to be a strongly archimedean 7=semigroup
provided for any a, b € S, there is a natural number n such that (< a>I')"'<a>c <b>.

THEOREM 45: Every strongly archimedean TI-semigroup is an archimedean
I'-semigroup.

Proof: Suppose that S is a strongly archimedean I'-semigroup. Then for any a,b € S, there is
a natural number n such that (< a>I')"*<a> < <b >. Therefore
(an™ac (<a>I"'<a>c<b>cSrbrsand hence S is an archimedean I'-semigroup.

THEOREM 4.6: If S is a semipseudo symmetric I'-semigroup, then the following are
equivalent.

(1) S is a strongly archimedean I'-semigroup.

(2) S is an archimedean I'-semigroup.

(3) S has no proper completely prime I-ideals.

(4) S has no proper completely semiprime I'-ideals.

(5) S has no proper prime I-ideals.

(6) S has no proper semiprime I-ideals.

Proof: (1) = (2): Suppose that S is a strongly archimedean I'-semigroup. By theorem 4.5, S
is an archimedean I'-semigroup.
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(2) = (3): Suppose that S is an archimedean I'-semigroup. Let P be any completely prime
I'-ideal of S. Let a € S and b € P. Since S is an archimedean I'-semigroup, there exists a
natural number n such that (al)™ac <b>Cc P =ae P . Therefore SC P. ClearlyP S
and hence P = S.

By theorem 2.38, theorem 3.11, and theorem 2.40, (3), (4), (5) and (6) are equivalent.

(5) = (1): Suppose that S has no proper prime I'-ideals, Let a, b € S. Since S has no proper
prime T-ideals, V<b>=S.Nowa € S=<b > = (a)™'a € <b > for some n € N. Since S
is a semipseudo symmetric I'-semigroup, < b > is a semipseudo symmetric I'-ideal and hence
(@anN™ac<b>= (<a>N""<a>c<b> ThusS is astrongly archimedean I-semigroup.
This completes the proof of the theorem.

COROLLARY 4.7: A commutative I'-semigroup S is archimedean if and only if S has
no proper prime I-ideals.

Proof: Since S is a commutative I'-Semigroup, S is a semipseudo symmetric I'-semigroup.
By theorem 4.6., S is archimedean iff S has no proper prime I'-ideals.

DEFINITION 4.8: An element a of I'-semigroup S is said to be intra regular provided
a =xaapayy for some x,y €S and o,5,y€r’. i.e, a € ST'al'al’S.

THEOREM 4.9: In a semipseudo symmetric I'-Semigroup S, an element a is semisimple
if and only if a is intraregular.

Proof: Let S be a semipseudo symmetric I'-semigroup. Suppose that an element a € S is

semisimple. Then a € <a >I'<a > Since S is a semipscudo symmetric I"-Semigroup,
Clearly < al'a > € <a >I'<a > Since al'a € < alla > and < al'a > is a semipseudo

symmetric I['-ideal, <a>I'<a>C<ala>. ~<ala>=<a>[<a>and hence

a € < ala > =slalal't for some s, t € S. Therefore a = saafayt for some s ,t € S and

a, f, y € I'. Therefore a is intra regular.

Conversely if a is intra regular then a = xaaflayy for some x,y e Sand o, f, y € I'.

Therefore a € <a>I'<a >. Therefore a is semisimple.

THEOREM 4.10: If S is a globally idempotent I'-semigroup with maximal T-ideals,
then S contains semisimple elements.

Proof : Let M be a maximal I'-ideal of S. Since S is a globally idempotent I'-Semigroup.
By theorem 2.44, M is prime. Let a € S\M. Since M is maximal,
S=Mu<a>=MuU(<a>I<a>). Sincea€e S\M,a€e<a>I'<a> Soaissemisimple.

THEOREM 4.11: If M is a non-trivial maximal TI-ideal of a semipseudo symmetric
I'-Semigroup S then M is prime.

Proof : Suppose if possible M is not prime. Then 3 a, b € S\M such that <a>I'<b>< M.
Now for any x € S\M, we have S=M U<b>=MU<Xx>,

Since b, x e S\M,wehavebe<x>andxe<b> So<b>=<x>

Therefore <b>T<b >CM. Ifa+#b, then a = sabpt for some s, t € S'and a, # € I" and one of
them is not an empty symbol. So a e <s>I'<b>I'<t>. Ifeithers € Morte M, thena € M.
It is a contradiction. If s € Mandt & M, then<s>I<b>I<t>c <b>I<b>c M.
Therefore a € M. It is a contradiction. Thus a = b and hence M is trivial, which is not true.
So M is prime I'-ideal. of S.
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THEOREM 4.12: If S is semipseudo symmetric I'-Semigroup and contains a non-trivial
maximal I'-ideal then S contains semisimple elements.

Proof : Let M be a nontrivial maximal I'-ideal. By theorem 4.11, M is prime. Let a € S\M.
Thena & M. Since M is maximal, S=Mu<a> If<a>[<a>c Mthen<a>c M
which is not true. So (<a>I'<a>) & M. Since M is maximal, Mu<a>T'<a>=S.
NowMuU<a>= MU<a>I<a> Thereforea€ <a>[<a>. Soaissemisimple.

THEOREM 4.11: If S is a semipseudo symmetric I'-Semigroup, then
(1) T={a€S:v<a>=S}iseither empty or a prime I'-ideal.
(2) S\T is either empty or an archimedean I'-Semigroup of S.

Proof: (1) If T is empty then nothing to prove. If T is not empty, then clearly T is a I'-ideal of
S.Leta, b e Sandal'b < T. Suppose if possiblea ¢ T, b ¢ T. Then V<a>=+v<b>=S.
Since alb € T, V< al'b>#S. Now S=V<a>N+V<b>=+<alb>%S. It is a contradiction.
Therefore either a € T or b € T. Hence T is prime I'-ideal.

(2) Leta, b € S\T. Then V< a>=+<b>=S. Now b € V< a > and hence by theorem
3.8, we have (bI')"'b< < a > for some n € N.
Hence (bI)™'bg sTal't for some s, t € S. If either s or t € T, then (bI')"'b< T = be T and
hence T is prime. It is a contradiction. Therefore s, t eS\T. and hence S\T is an archimedean
I'-subsemigroup of S.

THEOREM 4.12: Let S be a semipseudo symmetric archimedean I'-semigroup. Then
(1) ar-ideal M is maximal if and only if it is trivial.
(2) S has no maximal I'-ideal if S = ST'S.

Proof: If M is trivial, then S\M is singleton set. Then clearly M is maximal I'-ideal. Suppose
that M is maximal and not trivial. Then as in the proof of theorem 4.11, it can be seen that M
is prime. Since S is an archimedean I'-semigroup, by theorem 4.6, S has no prime I'-ideals.
It is a contradiction. So M is trivial. If S = ST'S, then by theorem 2.44, every maximal I'-ideal
is prime. Since S is archimedean I'-semigroup. Hence S has no maximal I'-ideals.

THEOREM 4.14: Let S be a semipseudo symmetric I'-semigroup containing maximal
I'-ideas. If either S has no semisimple elements or S is an archimedean TI'-semigroup,
then S # SI'S and SI'S = M where M” denotes the intersection of all maximal I'-ideals.

Proof: Suppose S has no semisimple elements. By theorem 4.12., every maximal I'-ideal is
trivial. So if M is maximal, then S =M U {a}, a € M. Suppose that a €SI'S = a = bac for
someb,ceSand aeTl.Ifb+athenb e M = bac € M = a € M. It is a contradiction.
Therefore b = a. Similarly ¢ = a. Therefore a = bat = aaa. It is a contradiction for a is not
semisimple. Therefore a ¢ ST'S. Therefore S # SI'S and SI'S € M.

Thus SIS € M". Let t € M". Suppose if possible t ¢ ST'S. Let aeS\{t}, s €S = aas # t,
saa # t = aas, saa € S\{t} = S\{t} is a I'-ideal and hence S\{t} is maximal I'-ideal.

Hence t € S\{t}, this is a contradiction. Therefore M"C ST'S. Therefore SI'S = M". Now
suppose that S is archimedean I'-semigroup. Since S has maximal I'-ideal. Therefore by
theorem 4.13, ST'S # S. If x € STS\M’, then there exists a maximal I'-ideal M, such that

X & M. So by theorem 4.13, M = S\{x}. Since x € ST'S, x = yaz; for somey,z€ S, a€T.

If either y or z € M, then x € M. It is a contradiction. Therefore y = z = x an hence x = xax.
Leta, b € S, ab € M. Suppose if possible a € M, b € M. Then a = x, b =x. Therefore ab =
Xax = X. It is a contradiction. Thus M is prime. By theorem 4.6, S has no proper prime
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T-Ideals. It is also a contradiction. Thus ST'S € M". As above, we can show that M"C STS.
Therefore STS = M".

COROLLARY 4.15: Let S be a commutative I'-semigroup containing maximal I'-ideals.
If either S has no idempotent or S is an archimedean I'-semigroup, then S # SI'S and
SIs=M".

Proof: Suppose S has no idempotent. If S contains a semisimple element a, then since S is
commutative a is regular and hence there exists an element x € S such that aaxfa = a. Now
aax is an idempotent in S, a contradiction. So S has no semisimple elements and hence the
proof of this corollary follows from theorem 4.14.
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