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1. INTRODUCTION :  

 Γ- semigroup was introduced by Sen and Saha [11] as a generalization of semigroup.  

Anjaneyulu. A [1], [2] and [3] initiated the study of pseudo symmetric ideals, radicals and 

semipseudo symmetric ideals in semigroups.  Giri and wazalwar [7] intiated the study of 

prime radicals in semigroups. Madhusudhana Rao, Anjaneyulu and Gangadhara Rao [8], [9] 

initiated the study of pseudo symmetric Γ-ideals and prime radicals in Γ-semigroups.    In this 

paper we introduce the notions of semipseudo symmetric Γ-ideals in Γ-semigroup and 

characterize the semipseudo symmetric Γ-ideals in Γ-semigroups. 

2. PRELIMINARIES :  

DEFINITION 2.1: Let S and Γ be any two non-empty sets. S is called a Γ-semigroup if 

there exist a mapping from S  S to S which maps (a,  , b) a b satisfying the 

condition : (aγb)μc = aγ(bμc) for all a,b,c ∈ M and γ, μ ∈ Γ. 

NOTE 2.2: Let S be a Γ-semigroup.  If A and B are subsets of S, we shall denote the set  

{ aαb : a∈A , b∈B and α∈Γ } by AΓB. 

DEFINITION 2.3: A Γ-Semigroup S is said to be commutative provided aγb = bγa for all  

a,b ∈ S and γ ∈ Γ. 

NOTE 2.4: If S is a commutative Γ-semigroup then a Γb = b Γa for all a, b∈ S.  

DEFINITION 2.5: Let S be a Γ-semigroup. A nonempty subset T of S is said to be a  

Γ- subsemigroup of S if aγb ∈ T, for all a, b ∈ T and γ ∈ Γ. 
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DEFINITION 2.6: An element a of a Γ-semigroup S is said to be a left identity of S 

provided aαs = s for all s ∈ S and α ∈ Γ. 

DEFINITION 2.7: An element a of a Γ-semigroup S is said to be a right identity of S 

provided sαa = s for all s ∈ S and α ∈ Γ. 

DEFINITION 2.8: An element a of a Γ-semigroup S is said to be a two sided identity or an 

identity provided it is both a left identity and a right identity of S.  

NOTATION 2.9: Let S be a Γ-semigroup. If S has an identity, let S
1
 = S and if S does not 

have an identity, let S
1
 be the Γ-semigroup S with an identity adjoined, usually denoted by 

the symbol 1.   

DEFINITION 2.10: A nonempty subset A of a Γ-semigroup S is said to be a left Γ- ideal 

provided SΓA ⊆ A. 

DEFINITION 2.11: A nonempty subset A of a Γ-semigroup S is said to be a right Γ- ideal 

provided AΓS ⊆ A. 

DEFINITION 2.12:  A nonempty subset A of a Γ-semigroup S is said to be a two sided  

Γ- ideal or simply a Γ- ideal provided it is both a left and a right Γ– ideal of S. 

DEFINITION 2.13: A Γ-ideal A of a Γ-semigroup S is said to be pseudo symmetric 

provided x, y ∈ S,  xΓy ⊆ A implies xΓsΓy ⊆ A, for all s ∈ S. 

NOTE 2.14: A Γ-ideal A of a Γ-semigroup S is pseudo symmetric iff x, y ∈ S, xΓy⊆ A 

implies xΓ S
1
Γy ⊆ A.  

DEFINITION 2.15:  A Γ-semigroup S is said to be pseudo symmetric provided every  

Γ-ideal is a pseudo symmetric Γ-ideal. 

THEOREM 2.16[8]: Every commutative 𝚪-semigroup is a pseudo symmetric  

𝚪-semigroup.  

DEFINITION 2.17: An element a of Γ- semigroup S is said to be a Γ- idempotent  provided  

aαa = a for all α ∈ Γ.  

NOTE 2.18: If an element a of Γ- semigroup S is  a Γ- idempotent, then aΓa = a. 

DEFINITION 2.19: A Γ- semigroup S is said to be an  idempotent Γ- semigroup or a band 

provided every element in S is a Γ- idempotent. 

DEFINITION 2.20: A  Γ- ideal A of a Γ-semigroup S is  said to be a principal Γ- ideal 

provided A is a Γ- ideal generated by single element a. It is denoted by J[a] = <a>. 

NOTE 2.21: If S is a Γ-Semigroup and a ∈ S, then  

<a> = {a} ∪ aΓS ∪ SΓa ∪ SΓaΓS = S
1
Γa ΓS

1
. 

COROLLARY 2.22 [8]: Let A is a pseudo symmetric 𝚪-ideal in a 𝚪-semigroup S. Then 

for any natural number n, (a𝚪)
n-1

a ⊆ A implies ( < a > 𝚪 )
n-1

 < a > ⊆ A. 
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DEFINITION 2.23: A Γ- ideal A of a Γ-semigroup S is said to be a completely prime 

 Γ- ideal provided xΓy ⊆ A ; x, y ∈ S implies either x ∈ A or y ∈ A. 

DEFINITION 2.24: A  Γ- ideal A of a Γ-semigroup S is said to be a prime Γ- ideal provided  

X, Y are two Γ- ideal of S, X ΓY ⊆ A ⇒ either X ⊆ A or Y⊆ A. 

THEOREM 2.25 [8]: If P is a Γ- ideal of a Γ-semigroup S, then the following conditions 

are equivalent. 

         1) If AΓB⊆P; A, B are Γ- ideals of S, then either A⊆P or B⊆P.  

         2) If a, b ∈ S such that aΓS
1
Γb ⊆ P, then either a ∈ P or b ∈ P. 

THEOREM 2.26 [8]: Every completely prime 𝚪-ideal of a 𝚪-semigroup S is a prime  

𝚪-ideal of S. 

DEFINITION 2.27: A Γ- ideal A of a Γ-semigroup S is said to be a completely semiprime 

 Γ- ideal provided x ∈ S, xΓx ⊆ A implies x ∈ A. 

DEFINITION 2.28: A Γ- ideal A of a Γ-Semigroup S is said to be a semiprime Γ- ideal 

provided x ∈ S, xΓS
1
Γx ⊆ A implies x ∈ A . 

THEOREM 2.29 [8]: Every completely semiprime 𝚪-ideal of a 𝚪-semigroup S is a 

semiprime 𝚪-ideal of S. 

THEOREM 2.30 [8]: Every completely semiprime 𝚪-ideal A in a 𝚪-Semigroup S is a 

pseudo symmetric 𝚪-ideal . 

THEOREM 2.31 [8]: Every completely prime 𝚪-ideal of a 𝚪-semigroup S is a completely 

semiprime 𝚪-ideal of S. 

THEOREM 2.32 [8]: Every completely prime 𝚪-ideal of a 𝚪-semigroup S is a pseudo 

symmetric 𝚪-ideal of a 𝚪-semigroup S. 

THEOREM 2.33 [8]: Every prime 𝚪-ideal of a 𝚪-semigroup S is a semiprime 𝚪-ideal of 

S.  

THEOREM 2.34 [8]: A 𝚪-ideal A of a 𝚪-semigroup S is completely prime 𝚪-ideal if and 

only if A is a prime 𝚪-ideal and A is a pseudo symmetric 𝚪-ideal of S. 

THEOREM 2.35 [8]: Every completely prime 𝚪-ideal of a 𝚪-semigroup S is a prime  

𝚪-ideal of S. 

THEOREM 2.36 [8]: Every completely prime 𝚪-ideal of a 𝚪-semigroup S is a completely 

semiprime 𝚪-ideal of S. 

THEOREM 2.37[8]:  Every prime 𝚪-ideal  P minimal relative to containing a completely 

semiprime 𝚪-ideal A in a 𝚪-semigroup S is completely prime. 

THEOREM 2.38 [9]: The nonempty intersection of any family completely prime  

𝚪-ideals of a 𝚪-semigroup S is a completely semiprime 𝚪-ideal of S. 
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DEFINITION 2.39:  If A is a Γ-ideal of a Γ-semigroup S, then the intersection of all prime 

Γ-ideals of S containing A is called prime Γ-radical or simply Γ-radical of A and it is 

denoted by √A or rad A. 

THEOREM 2.40[9]: A Γ- ideal Q of Γ-Semigroup S is a semiprime Γ- ideal of S iff  

√(Q) = Q . 

DEFINITION 2.41: An element a of Γ-semigroup S is said to be semisimple provided  

a ∈ < a > Γ < a >,  i.e., < a > Γ < a > = < a >. 

DEFINITION 2.42: A Γ-semigroup S is said to be a semisimple Γ-semigroup provided 

every element is semisimple. 

DEFINITION 2.43: A Γ- Semigroup S is said to be a globally idempotent Γ- semigroup 

provided SΓS = S. 

THEOREM 2.44[9]: In a globally idempotent 𝚪-Semigroup, every maximal 𝚪-ideal is a 

prime 𝚪-ideal.  

3. SEMIPSEUDO SYMMETRIC 𝚪-IDEALS : 

DEFINITION 3.1: A Γ-ideal A in a Γ-Semigroup S is said to be a semipseudo symmetric  

Γ-ideal  provided for any natural number n, x ∈ S, (xΓ)
n-1

x  ⊆ A ⇒ (< x >Γ)
n-1

 < x> ⊆ A. 

THEOREM 3.2: Every pseudo symmetric 𝚪-ideal of a Γ-semigroup S  is a semipseudo 

symmetric 𝚪-ideal. 

Proof : Suppose that A is a pseudo symmetric Γ- ideal of a Γ- semigroup S.   

Let a ∈ S, n ∈ N; (aΓ)
n-1

a ⊆ A.  Since A is pseudo symmetric, by corollary 2.22, 

 (< a >Γ)
n-1

 < a > ⊆ A.  ∴ A is a semipseudo symmetric Γ–ideal of S.  

NOTE 3.3: The converse of the above theorem is not true.  i.e., every semipseudo symmetric 

Γ-ideal need not be a pseudo symmetric Γ-ideal. 

EXAMPLE 3.4: Let Γ be a nonempty set.   Let S be the free Γ-Semigroup over the alphabet 

{a, b, c} and let A = < aΓb > ∪ < bΓa >.  Since aΓb ⊆ A and aΓcΓb ⊈ A, A is not a pseudo 

symmetric Γ-ideal. Suppose (xΓ)
n-1

x ⊆ A for some natural number n. Now the word x 

contains either  ba  or ab  for some   and hence (< x > Γ)
n-1 

< x > ⊆ A.  So A is a 

semipseudo symmetric Γ-ideal. 

THEOREM 3.5: Every semiprime 𝚪-ideal P minimal relative to containing a 

semipseudo symmetric 𝚪-ideal A in a 𝚪-Semigroup S is completely semiprime. 

Proof : Write T = ∪(xΓ)
n-1

x, where x ∈ S\P and n is any natural number. First we show that  

A ∩ T = ∅.  If A ∩ T ≠ ∅, then there is an element x ∈ S\P and a natural number n such that 

(xΓ)
n-1

x ⊆ A. Since A is a semipseudo symmetric Γ-ideal, (< x >Γ)
n-1 

< x >  ⊆ A ⊆ P  

⇒ < x > Γ< x > ⊆ P ⇒ < x > ⊆ P.  Therefore x ∈ P.  It is a contradiction. Thus A ∩ T = ∅.   

Consider the set Σ = {B : B is a Γ-ideal in S containing A such that B∩T = ∅ }. 

Since A ∈ Σ, Σ is non-empty. Now Σ is a poset under set inclusion and satisfies the 

hypothesis of Zorn’s lemma. Thus by Zorn’s lemma, Σ contains a maximal element,  

say M. Suppose  that  (< a >Γ)
1 
< a > ⊆ M. Suppose that a ∉ M.   

Then M ∪ < a > is a Γ-ideals in S containing A.  
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Since M is maximal in Σ, we have ( M ∪ < a > ) ∩ T ≠ ∅.   

So there exists an x ∈ S\P such that (xΓ)
n-1

x ⊆ < a > ∩ T for some natural number n.  

Therefore (xΓ)
2n-1

x ⊆ (< a >Γ)
1 

< a > ∩ T   TM  . Thus M∩T ≠ ∅.  It is a contradiction. 

Ma .  So M is a semiprime Γ-ideal containing A. Now, A ⊆ M ⊆ S\T ⊆ P.  

Since P is a minimal semiprime Γ-ideal relative to containing A, we have M = S\T = P and  

T = S\P.  Let PxxSx  , .  Suppose if possible Px .   

Px   Tx  ⇒ 1( ) ,nx a a   where a ∈ S, n ∈ N.   

Now 1 1( ) ( )n nx x a a a a      2 1( ) na a T   x x  ⊈ P.  It is a contradiction.   Px .   

Therefore P is a completely semiprime Γ-ideal. 

COROLLARY 3.6: Every prime 𝚪-ideal  P in a 𝚪-semigroup S  minimal relative to 

containing a semipseudo symmetric 𝚪-ideal A is completely prime. 

Proof: Since every prime Γ-ideal is a semi prime Γ-ideal, we have P is a completely semi 

prime Γ-ideal. By corollary 2.38, P is a completely prime Γ-ideal. 

COROLLARY 3.7: Every prime 𝚪-ideal P minimal relative to containing a pseudo 

symmetric 𝚪-ideal A in a 𝚪-Semigroup S is completely prime. 

Proof : Since by theorem 3.2, every pseudo symmetric Γ-ideal is a semi pseudo symmetric Γ-

ideal, the proof follows from corollary 3.6. 

THEOREM 3.8: Let A be a semipseudo symmetric 𝚪-ideal in a 𝚪-Semigroup S. Then the 

following are equivalent. 

    (1)  
1A  = The intersection of all completely prime 𝚪-ideals in S containing A.  

    (2) 1A = The intersection of all minimal completely prime 𝚪-ideals in S containing A. 

   (3) 1A = The minimal completely semiprime 𝚪-ideal relative to containing A.  

   (4) 
2A  = { x ∈ S : (x𝚪)

n-1
x ⊆ A for some natural number n }. 

   (5) 
3A  = The intersection of all prime 𝚪-ideals in S containing A. 

   (6) 3A  = The intersection of all minimal prime 𝚪-ideals in S containing A. 

   (7) 3A = The minimal semiprime 𝚪-ideal relative to containing A. 

   (8) 4A  = {x ∈ S : (< x >𝚪)
n-1 

< x > ⊆ A for some natural number n }. 

Proof: Since completely prime Γ-ideals containing A, minimal completely prime Γ-ideals 

containing A and the minimal completely semiprime Γ-ideals relative to containing A are 

coincide. Therefore 1 1 1A A A   . Since prime Γ-ideals containing A, minimal prime  

Γ-ideals containing A and the minimal semiprime Γ-ideal relative to containing A are 

coincide. Therefore 3 3 3A A A   . Since A is a semipseudo symmetric Γ-ideal, we have  

A2 = A4 and by theorem 3.5, we have 1A = 3A  . Therefore 1 1 1 3 3 3A A A A A A        and 

2 4A A .  This completes the proof of the theorem.  

THEOREM 3.9:  If A is a 𝚪-ideal in a 𝚪-Semigroup S, then the following are equivalent. 

    (1) A is completely semiprime. 

    (2) A is semiprime and pseudo symmetric 
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    (3) A is semiprime and semipseudo symmetric. 

Proof: (1) ⟹ (2): Suppose that A is completely semiprime. By  theorem 2.29 A is  

semiprime and by theorem 2.30, A is pseudo symmetric.  

         (2) ⟹ (3):  Suppose that A is semiprime and pseudo symmetric. By theorem 3.2, A is 

semipseudo symmetric. 

         (3) ⟹ (1):  Suppose that A is semiprime and semipseudo symmetric Γ-ideal.  

Let x ∈ S and ( xΓ)
n-1

x ⊆ A for any n. Since A is semipseudo symmetric,  

(< x >Γ)
n-1 

< x > ⊆ A ⇒ xΓSΓx ⊆ A.  Since A is semiprime, x ∈ A. Therefore A is completely 

semiprime. 

THEOREM 3.10: If A is a 𝚪-ideal in a semisimple 𝚪-semigroup S, then the following are 

equivalent. 

    (1) A is completely semiprime. 

    (2) A is pseudo symmetric 

    (3) A is semipseudo symmetric. 

Proof: (1) ⟹ (2): Suppose that A is completely semi prime. By theorem 2.30, A is pseudo 

symmetric.  

           (2) ⟹ (3): Suppose that A is pseudo symmetric. By theorem 3.2, A is semipseudo 

symmetric. 

           (3) ⟹ (1):  Suppose that A is semipseudo symmetric.  

Let  x ∈ S, (xΓ)
n-1

x ⊆ A, for any n. Since A is semipseudo symmetric, (< x >Γ)
n-1 

< x > ⊆ A.  

Since x is semismple, x ∈ < x > Γ< x > ⊆ (< x >Γ)
n-1 

< x > ⊆ A. Thus x ∈ A. Therefore A is 

completely semiprime.  

THEOREM 3.11: If A is a 𝚪-ideal in a 𝚪-Semigroup S, then the following are equivalent. 

    (1) A is completely prime. 

    (2) A is prime and pseudo symmetric 

    (3) A is prime and semipseudo symmetric. 

Proof: (1) ⟹ (2): Suppose that A is completely prime. By theorem 2.35, A is prime and by 

theorem 2.32, pseudo symmetric. 

(2) ⟹ (3): Suppose that A is prime and pseudo symmetric. By theorem 3.2, A is semipseudo 

symmetric. 

           (3) ⟹ (1): Suppose that A is prime and semipseudo symmetric. Since A is a prime  

Γ-ideal, by theorem 2.33, A is is semiprime.  Since A is semiprime  and semipseudo 

symmetric, by theorem 3.9, A is completely semiprime. Since A is prime and completely 

semiprime by theorem 2.35 and by theorem 2.37, A is completely prime. 

THEOREM 3.12: If M is a maximal Γ-ideal in a Γ-Semigroup S with M4 ≠ S, then  

    (1) M is completely prime. 

    (2) M is completely semiprime. 

    (3) M is pseudo symmetric. 

    (4) M is semipseudo symmetric. 

Proof: (1) ⟹ (2): Suppose that M is completely prime.  By theorem 2.31, M is completely 

semiprime.  

           (2) ⟹ (3):  Suppose that M is completely semiprime.  By theorem 2.30, M is pseudo 

symmetric.  

           (3) ⟹(4): Suppose that M is pseudo symmetric.  By theorem 3.2, M is semipseudo 

symmetric.  



189 
International Journal of Mathematical Sciences, Technology and Humanities 18 (2011) 183 – 192 

D. Madhusudhana Rao, A. Anjaneyulu, A. Gangadhara Rao 
 

           (4) ⟹ (1):  Suppose that M is a semipseudo symmetric Γ-ideal, by theorem 3.8,  

M ⊆ M4 = M3 = M2 = M1.  Now M ⊆ M4 ⊆ S and M4 ≠ S, since M is a maximal Γ-ideal,  

M = M4 and hence M = M1. Hence by theorem 2.38, M is a completely semiprime Γ-ideal 

and M is a pseudo symmetric Γ-ideal. Now let x, y  ∈ S and  xΓy ⊆ M . Now xΓy ⊆ M ⇒ < x 

>Γ< y > ⊆ M. Suppose if possible x ∉ M, y ∉ M. Now M ∪ < x >, M ∪ < y > are Γ-ideals of 

S. So M ∪ < x > = M ∪ < y > = S, since M is maximal.  Therefore y ∈ M ∪ < x >,  

x ∈ M ∪ < y > ⇒ y ∈ < x > , x ∈ < y > ⇒ < x > = < y >. Therefore < x >Γ< y > ⊆ M ⇒ < x 

>Γ< x >  ⊆ M  ⇒  xΓx ⊆ M ⇒ x ∈ M.  It is a contradiction.  ∴ either x ∈ M or y ∈ M and 

hence M is a completely prime Γ-ideal. 

SEMIPSEUDO  SYMMETRIC 𝚪-SEMIGROUP: 

DEFINITION 4.1: A Γ-Semigroup S is said to be semipseudo symmetric provided every  

Γ-ideal is a semipseudo symmetric Γ-ideal. 

THEOREM 4.2: A Γ-Semigroup S is semipseudo symmetric if and only if every 

principal Γ-ideal is semipseudo symmetric. 

Proof: Suppose that a Γ-semigroup S is semipseudo symmetric. Then every Γ-ideal of S is a 

semipseudo symmetric Γ-ideal and hence every principal Γ-ideal of S is semipseudo 

symmetric.  

Conversely, suppose that every principal Γ-ideal is semipseudo symmetric. Now for any  

Γ-ideal A of S, (xΓ)
n-1

x ⊆ A implies < (xΓ)
n-1

x > ⊆ A. By hypothesis since < (xΓ)
n-1

x > is a 

semipseudo symmetric Γ-ideal, we have (<  x >Γ)
n-1 

< x > ⊆ < ( xΓ)
n-1

x > . Therefore  

(< x >Γ)
n-1 

< x > ⊆ < (xΓ)
n-1

x > ⊆ A. Therefore A is a semipseudo symmetric Γ-ideal. Thus S 

is a semipseudo symmetric Γ-semigroup. 

DEFINITION 4.3: A Γ- semigroup S is said to be an archimedian Γ- semigroup provided 

for any a,b ∈ S, there exists a natural number n such that (aΓ)
n-1

a ⊆ < b >. 

DEFINITION 4.4: A Γ-semigroup S is said to be a strongly archimedean Γ-semigroup 

provided for any a, b ∈ S, there is a natural number n such that (< a >Γ)
n-1 

< a > ⊆  < b >. 

THEOREM 4.5: Every strongly archimedean 𝚪-semigroup is an archimedean  

𝚪-semigroup. 

Proof: Suppose that S is a strongly archimedean 𝚪-semigroup.  Then for any a,b ∈ S, there is 

a natural number n such that (< a >Γ)
n-1 

< a > ⊆  < b >.  Therefore 

 (aΓ)
n-1

a ⊆ (< a >Γ)
n-1 

< a > ⊆ < b > ⊆ SΓbΓS and hence S is an archimedean Γ-semigroup. 

THEOREM 4.6: If S is a semipseudo symmetric 𝚪-semigroup, then the following are 

equivalent. 

 (1) S is a strongly archimedean 𝚪-semigroup. 

 (2) S is an archimedean 𝚪-semigroup. 

 (3) S has no proper completely prime 𝚪-ideals. 

 (4)  S has no proper completely semiprime 𝚪-ideals.  

 (5) S has no proper prime 𝚪-ideals. 

 (6) S has no proper semiprime 𝚪-ideals. 

Proof: (1) ⟹ (2): Suppose that S is a strongly archimedean Γ-semigroup.  By theorem 4.5, S 

is an archimedean Γ-semigroup.  
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(2) ⇒ (3): Suppose that S is an archimedean Γ-semigroup. Let P be any completely prime  

Γ-ideal of S. Let a ∈ S and b ∈ P. Since S is an archimedean Γ-semigroup, there exists a 

natural number n such that (aΓ)
n-1

a ⊆ < b > ⊆ P ⇒ a ∈ P . Therefore S ⊆ P.  Clearly P ⊆ S 

and hence P = S.  

By theorem 2.38,  theorem 3.11, and theorem 2.40, (3), (4), (5) and (6) are equivalent.  

(5) ⇒ (1): Suppose that S has no proper prime Γ-ideals, Let a, b ∈ S.  Since S has no proper 

prime Γ-ideals, √< b > = S. Now a ∈ S = < b > ⇒ (aΓ)
n-1

a ⊆ < b > for some n ∈ N.  Since S 

is a semipseudo symmetric Γ-semigroup, < b > is a semipseudo symmetric Γ-ideal and hence  

(aΓ)
n-1

a ⊆ < b > ⇒  (< a >Γ)
n-1

 < a > ⊆ < b >. Thus S is a strongly archimedean Γ-semigroup. 

This completes the proof of the theorem. 

COROLLARY 4.7: A commutative 𝚪-semigroup S is archimedean if and only if S has 

no proper prime 𝚪-ideals. 

Proof: Since S is a commutative Γ-Semigroup, S is a semipseudo symmetric Γ-semigroup.  

By theorem 4.6., S is archimedean iff S has no proper prime Γ-ideals.  

DEFINITION 4.8: An element a of Γ-semigroup S is said to be intra regular provided  

a = xαaβaγy for some x,y ∈S and α,β,γ∈Γ. i.e, a ∈ SΓaΓaΓS.  

THEOREM 4.9: In a semipseudo symmetric 𝚪-Semigroup S, an element a is semisimple 

if and only if a is intraregular. 

Proof: Let S be a semipseudo symmetric Γ-semigroup.  Suppose that an element a ∈ S is 

semisimple.  Then  a ∈ < a >Γ< a >.  Since S is a semipseudo symmetric Γ-Semigroup,  

  Clearly < aΓa > ⊆ < a >Γ< a >.  Since aΓa ⊆ < aΓa > and < aΓa > is a semipseudo 

symmetric Γ-ideal, < a >Γ< a > ⊆< aΓa >.  ∴ < aΓa > = < a >Γ< a > and hence  

a ∈ < aΓa > = sΓaΓaΓt for some s, t ∈ S.  Therefore a = sαaβaγt for some s ,t ∈ S and  

α, β, γ ∈ Γ. Therefore a is intra regular.  

Conversely if a is intra regular then a = xαaβaγy for some x, y ∈ S and α, β, γ ∈ Γ.  

Therefore a ∈ < a >Γ< a >. Therefore a is semisimple. 

THEOREM 4.10: If S is a globally idempotent 𝚪-semigroup with maximal 𝚪-ideals,  

then S contains semisimple elements. 

Proof : Let M be a maximal Γ-ideal of S.  Since S is a globally idempotent 𝚪-Semigroup.   

By theorem 2.44, M is prime.  Let a ∈ S\M.  Since M is maximal,  

S = M ∪ < a > = M ∪ (< a >Γ< a >).   Since a ∈ S\M, a ∈ < a >Γ< a >.  So a is semisimple.  

THEOREM 4.11: If M is a non-trivial maximal 𝚪-ideal of a semipseudo symmetric  

𝚪-Semigroup S then M is prime. 

Proof : Suppose if possible M is not prime. Then ∃ a, b ∈ S\M such that < a >Γ< b > ⊆ M. 

Now for any x ∈ S\M, we have S = M ∪ < b > = M ∪ < x >.  

Since b, x ∈ S\M, we have b ∈ < x > and x ∈ < b >. So < b > = < x >.   

Therefore < b > Γ< b >⊆M. If a ≠ b, then a = sαbβt for some s, t ∈ S
1
 and α, β ∈ Γ and one of 

them is not an empty symbol. So a ∈ < s >Γ< b >Γ< t >.  If either s ∈ M or t ∈ M, then a ∈ M. 

It is a contradiction. If s ∉ M and t ∉ M, then < s >Γ< b >Γ< t > ⊆ < b >Γ< b > ⊆ M. 

Therefore a ∈ M.  It is a contradiction. Thus a = b and hence M is trivial, which is not true. 

So M is prime Γ-ideal. of S.   
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THEOREM 4.12: If S is semipseudo symmetric 𝚪-Semigroup and contains a non-trivial 

maximal 𝚪-ideal then S contains semisimple elements. 

Proof : Let M be a nontrivial maximal Γ-ideal. By theorem 4.11, M is prime.  Let a ∈ S\M.  

Then a ∉ M.  Since M is maximal, S = M ∪ < a >.  If < a >Γ< a > ⊆ M then < a > ⊆ M 

which is not true.  So (< a >Γ< a >) ⊈ M.  Since M is maximal, M ∪ < a > Γ < a > = S.   

Now M ∪ < a > =  M ∪ < a > Γ < a >. Therefore a ∈ < a >Γ< a >.  So a is semisimple. 

THEOREM 4.11: If S is a semipseudo symmetric 𝚪-Semigroup, then  

 (1) T = { a ∈ S : √< a > ≠ S} is either empty or a prime 𝚪-ideal. 

 (2) S\T is either empty or an archimedean 𝚪-Semigroup of S. 

Proof: (1) If T is empty then nothing to prove. If T is not empty, then clearly T is a Γ-ideal of 

S. Let a, b ∈ S and aΓb ⊆ T.  Suppose if possible a ∉ T, b ∉ T. Then √< a > = √< b > = S.  

Since aΓb ⊆ T, √< aΓb> ≠ S. Now S = √< a > ∩ √< b > = √< aΓb > ≠ S. It is a contradiction. 

Therefore either a ∈ T or b ∈ T. Hence T is prime Γ-ideal.  

         (2) Let a, b ∈ S\T. Then √< a > = √< b > = S. Now b ∈ √< a > and hence by theorem 

3.8, we have (bΓ)
n-1

b⊆ < a > for some n ∈ N.  

Hence (bΓ)
n-1

b⊆ sΓaΓt  for some s, t ∈ S. If either s or t ∈ T, then (bΓ)
n-1

b⊆ T ⇒ b∈ T and 

hence T is prime. It is a contradiction. Therefore s, t ∈S\T.  and hence S\T is an archimedean   

Γ-subsemigroup of S. 

THEOREM 4.12: Let S be a semipseudo symmetric archimedean 𝚪-semigroup. Then  

(1) a 𝚪-ideal M is maximal if and only if it is trivial.  

(2) S has no maximal 𝚪-ideal if S = S𝚪S.   

Proof: If M is trivial, then S\M is singleton set. Then clearly M is maximal Γ-ideal. Suppose 

that M is maximal and not trivial. Then as in the proof of theorem 4.11, it can be seen that M 

is prime. Since S is an archimedean Γ-semigroup, by theorem 4.6,  S has no prime Γ-ideals.   

It is a contradiction. So M is trivial. If S = SΓS, then by theorem 2.44, every maximal Γ-ideal 

is prime. Since S is archimedean Γ-semigroup. Hence S has no maximal Γ-ideals. 

THEOREM 4.14: Let S be a semipseudo symmetric Γ-semigroup containing maximal  

Γ-ideas. If either S has no semisimple elements or S is an archimedean Γ-semigroup, 

then S ≠ S𝚪S and S𝚪S = M
* 
where M

*
 denotes the intersection of all maximal 𝚪-ideals. 

Proof: Suppose S has no semisimple elements. By theorem 4.12., every maximal 𝚪-ideal is 

trivial. So if M is maximal, then S = M ∪ {a}, a ∉ M.  Suppose that a ∈SΓS ⇒  a = bαc for 

some b, c ∈ S and α ∈ Γ. If b ≠ a then b ∈ M ⇒ bαc ∈ M ⇒ a ∈ M. It is a contradiction. 

Therefore b = a.  Similarly c = a. Therefore a = bαc = aαa.  It is a contradiction for a is not 

semisimple. Therefore a ∉ SΓS. Therefore S ≠ SΓS and SΓS ⊆ M.  
Thus SΓS ⊆ M

*
. Let t ∈ M

*
.  Suppose if possible t ∉ SΓS.  Let a∈S\{t}, s ∈S ⇒ aαs ≠ t,  

sαa ≠ t ⇒ aαs, sαa ∈ S\{t} ⇒ S\{t} is a Γ-ideal and hence S\{t} is maximal Γ-ideal.  

Hence t ∈ S\{t}, this is a contradiction. Therefore M
*⊆ SΓS. Therefore SΓS = M

*
. Now 

suppose that S is archimedean Γ-semigroup. Since S has maximal Γ-ideal. Therefore by 

theorem 4.13, SΓS ≠ S. If x ∈ SΓS\M
*
, then there exists a maximal Γ-ideal M, such that  

x ∉ M. So by theorem 4.13, M = S\{x}. Since x ∈ SΓS, x = yαz; for some y, z ∈ S, α ∈ Γ.  

If either y or z ∈ M, then x ∈ M.  It is a contradiction. Therefore y = z = x an hence x = xαx. 

Let a, b ∈ S, ab ∈ M. Suppose if possible a ∉ M, b ∉ M.  Then a = x, b = x.  Therefore ab = 

xαx = x.   It is a contradiction. Thus M is  prime.  By theorem 4.6, S has no proper prime  
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Γ-Ideals. It is also a contradiction. Thus SΓS ⊆ M
*
.  As above, we can show that M

*⊆ SΓS. 

Therefore SΓS = M
*
.  

COROLLARY 4.15: Let S be a commutative 𝚪-semigroup containing maximal 𝚪-ideals. 

If either S has no idempotent or S is an archimedean 𝚪-semigroup, then S ≠ S𝚪S and 

S𝚪S = M
*
.  

Proof: Suppose S has no idempotent. If S contains a semisimple element a, then since S is 

commutative a is regular and hence there exists an element x ∈ S such that aαxβa = a. Now 

aαx is an idempotent in S, a contradiction. So S has no semisimple elements and hence the 

proof of this corollary follows from theorem 4.14. 
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